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ABSTRACT 



We formulate a manifestly supersymmetric gauge covariant regularization of 
supersymmetric chiral gauge theories. In our scheme, the effective action in the 
superfield background field method above one-loop is always supersymmetric and 
gauge invariant. The gauge anomaly has a covariant form and can emerge only in 
one-loop diagrams with all the external lines being the background gauge superfield. 
We also present several illustrative applications in the one-loop approximation: the 
self-energy part of the chiral multiplet and of the gauge multiplet; the super-chiral 
anomaly and the superconformal anomaly; as the corresponding anomalous com- 
mutators, the Konishi anomaly and an anomalous supersymmetric transformation 
law of the supercurrent (the "central extension" of N = 1 supersymmetry algebra) 
and of the i?-current. 
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1. Introduction 



Obtaining a regularization scheme which is invariant under preferred symme- 
tries (such as the gauge symmetry) is important. As a matter of principle, the 
existence of such a regularization directly shows that these symmetries have no in- 
trinsic quantum anomaly. Even at the practical level, use of such a regularization 
(at least conceptually) simplifies various calculations, because it avoids the intro- 
duction of non-invariant counter-terms necessary to recover the Ward-Takahashi 
identity. Such a regularization also automatically leads to correct physical predic- 
tions in view of the preferred or imposed symmetries; a well-known example is the 
anomalous divergence of the axial current (the Adler-Bell-Jackiw anomaly) which 
would not appear without imposing the gauge invariance. 

In this paper, we formulate an invariant regularization of supersymmetric chi- 
ral gauge theories. As a recent review of the issues relating to regularization of 
supersymmetric theories, see Ref. [1] and references cited therein. For definiteness, 
we set up a regularization scheme for the effective action in the background field 
method [2-4]. Once this is done, S'-matrix elements can also be constructed [3]. 
Although our scheme is perturbative in nature, it possesses the following proper- 
ties. (1) It manifestly preserves supersymmetry at every step, being formulated 
in terms of the superfield [5,6] in an exactly four- dimensional spacetime. In par- 
ticular, there is no ambiguity associated with 75 and the totally anti-symmetric 
tensor, unlike the dimensional reduction [7]. In this respect, our scheme is similar 
to the supersymmetric higher covariant derivative regularization [8]. However our 
scheme regularizes one-loop diagrams as well. (2) It is manifestly gauge covariant, 
unlike the conventional Pauli-Villars regularization (for the Pauli-Villars regular- 
ization in supersymmetric theories, see Ref. [9]); it is related to the generalized 
Pauli-Villars regularization [10]. Here, by "gauge covariance," we mean covariance 
under the background gauge transformation [6] and not under the BRST trans- 
formation. In fact, in our scheme, the effective action above one-loop is always 
gauge invariant, and a possible breaking of the gauge symmetry due to the gauge 
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anomaly [11] can emerge only in one-loop diagrams in which all the external lines 
are the background gauge superfield. The one-loop diagrams on the other hand 
are regularized gauge covariantly [12,13]. Hence the gauge anomaly has a covari- 
ant form [12-15]. When the gauge representation is free of the gauge anomaly, 
however, the gauge invariance is restored and our scheme as it stands provides a 
gauge invariant regularization. 

The organization of this paper is as follows. In §2, the superfield background 
field method is summarized in a somewhat different representation from [6]. This 
representation is more suitable for our purpose. On the basis of this method, we 
diagonalize a part of the action which is quadratic in quantum fields in the presence 
of the background gauge field. This gives us a "partially diagonalized" propagator 
of quantum fields (the first half of §3). In the second half of §3, our regulariza- 
tion scheme is formulated by using the propagators thus obtained. It is explained 
how the supersymmetry and the background gauge invariance or covariance are 
respected in the process of regularization. Sections 4 and 5 are devoted to illus- 
trative applications in the one-loop approximation. In §4, we present a somewhat 
detailed evaluation of the two-point one particle irreducible (1PI) functions, the 
self-energy part of the chiral multiplet and of the gauge multiplet (the vacuum po- 
larization tensor). In §5, the super-chiral anomaly [15-17] and the superconformal 
anomaly [18-22] are evaluated. Since our scheme also provides a supersymmetric 
gauge covariant definition of composite operators, an evaluation of anomalies in 
the form of an anomalous supersymmetric transformation law [23-25] as well as in 
the form of current non- conservation is straightforward and transparent. Section 6 
is devoted to a conclusion. Details concerning the evaluation of anomalous factors 
are summarized in the Appendix. 

Our convention is basically that of Ref. [26], unless otherwise stated. In par- 
ticular, the signature of the metric is ( — h++). For simplicity of presentation, we 
assume the gauge representation R of the chiral multiplet, which will be denoted 
as T a , is irreducible. The normalization of the gauge generator is [T a , T b ] = it abc T c , 
tr T a T b = T{R)5 ab , (T%(T a ) jfc = C(R)8 ik and t acd t bcd = C 2 {G)5 ab . 
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2. Superfield background field method 



We set up our scheme on the basis of the background field method [2-4]. The 
reason is that the background field method allows us to treat the gauge field and 
the matter field on an equal footing in view of the gauge covariance. Moreover, 
to make the supersymmetry manifest, we utilize the superfield background field 
method. Its basic framework is presented in Ref. [6] (see also Ref. [27]). However, 
in view of the "full-chiral" representation [26] that is commonly used, it is rather 
convenient to work directly with the following "quantum-chiral background-chiral" 
representation. This representation differs from the quantum-chiral background- 
vector representation adapted in Ref. [6]. Therefore, it seems helpful to summarize 
this representation while explaining our original notation. 

We consider the most general renormalizable supersymmetric model, whose 
classical action is given by [26] * 

S = ^|^y J d G z tr W a W a + J d s z &e v <& + J d 6 z Q$ T m$ + i#$ 3 ^ + h.c. 

(2.1) 

In our quantum-chiral background-chiral representation,^ the vector and the chiral 
superfields are split as 

e v = e VB e VQ , $ = $ B + $ Q . (2.2) 

Here, the subscripts B and Q represent the background field and the quantum 
field, respectively. We shall regard Vg as a vector superfield, and thus Vq is not a 



* The generic coordinate of the superspace is denoted as z = (x m , 6 a ,8a). The full superspace 
integration measure and the chiral superspace measure are abbreviated as d 8 z — d 4 xd 2 9d 2 9 
and d 6 z = d xd 2 8, respectively. 

f The quantum fields Vq in this representation and V® in the quantum-chiral background- 
vector representation [6] are related as Vq = e~ gW gV®e gW , where W B is the background 

B B 

field in Ref. [6] . Our background field Vb is given by e Vn — e gW e gW . 
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vector superfield. Instead, its conjugate is given by 

V% = e VB V Q e- VB . (2.3) 

In this quantum-chiral background-chiral representation, the original gauge trans- 
formation [26] 

e V> = e -iA^ e V e iA^ $ / = e -iA $j p.*) 



where A = T a A a is a chiral superfield -DqA = 0, is realized in the following two 
different ways, (i) By the quantum field transformation: 

V ' B = V B , e v ® = (e- VB e- ih -'e VB ) e*V A , $' = e~ iA ^. (2.5) 

(ii) By the background field transformation: 

e v B = e - iAt e VB e iA , V Q = e~ iK V Q e iA , $' = e" <A $. (2.6) 

In both transformations, the gauge parameter A is simply a chiral superfield, 
whence the name of the representation. 

Next, we introduce the background covariant spinor derivative symbol: 

V a = e- VB D a e VB and D & . (2.7) 

Since the gauge parameter A in (2.6) is chiral, both of these operators transform as 
V' = e" !A Ve iA under the background field transformation. The vector covariant 
derivative symbol is also defined by the anti-commutator: 

{V a ,S a }E-2<V m . (2.8) 

Then, on the gauge representation R, the covariant derivative is defined by 

P Q $ EE V a $, V m <$> EE V m $, (2.9) 

where $ is a generic field in the representation R. Clearly these operations have a 
covariant meaning under the background field transformation (2.6). On the other 
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hand, the quantum field Vq transforms as the adjoint representation under the 
background transformation (2.6). In such a representation, the covariant derivative 
is defined by 

V a V = [V Q , V}, V m V ee [V m , V], (2.10) 

where a(n) (anti-) commutator is used when V is Grassmann-even(-odd). It is again 
clear that (2.10) has a background gauge covariant meaning. 

Expressions become even simpler with use of the adjoint gauge representation 
matrix, which is defined by 

(T a ) hc ee - it abc , tr T a T b = C 2 (G)5 ab . (2.11) 

With this convention, the covariant derivative in the adjoint representation (2.10) 
can be written as 

VaV = T a (V a V) a , V rn V = T a (V m V) a , (2.12) 
where a component of the covariant derivative is defined by 

(V a VT = (e- VB ) ab D a (e v *) bc V c , {V a ,D d } = -2ia^V m , (2.13) 
and Vb is the background gauge superfield in the adjoint representation: 

V B = T a V§. (2.14) 

The similarity of (2.13) and the covariant derivative (2.7) and (2.9) is obvious. 

Now the essence of the background field method [2,3,4] is to use the gauge fixing 
condition which is covariant under the background gauge transformation (2.6). 
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Therefore, as usual, we impose the Lorentz-type gauge fixing condition and its 
conjugate: 

D 2 V Q = f, V 2 V Q = e~ VB pe VB . (2.15) 

Note that the gauge fixing function / is a chiral superfield: D a f = 0. Then the 
standard procedure [28] gives rise to the gauge fixing term and the ghost-anti-ghost 
term: 

S ' = -W{R ) j d " z te(D 2 V Q )(&V Q ) 
+ _L_ J d 8 z ti{e- VB c'^e VB + c') 

x C Vq/2 ■ [(c + e- VB Je VB ) + coth(£ Vo/2 ) • (c - e^c+e^)] 
+ ^Jd 8 z tre- VB tfe VB b, 

(2.16) 

where £ is the gauge parameter. By construction, this action is invariant under the 
background field transformation, (2.6) and b' = e~ lk be lk etc. Note that, since the 
parameter A of the quantum field transformation (2.5) is chiral and the gauge fixing 
function / in (2.15) is also chiral, all the ghost c, anti-ghost c', and Nielsen-Kallosh 
ghost b [29] are simply chiral superfields: D a c = D a c' = Dab = 0. 

To carry out perturbative calculations, we expand the total action St = S + S' 
in powers of the quantum fields as St = Sto + Sri + St2 + <St3 + • • •■ The zeroth 
order action has the same form as the classical action S, 

Sto = J d 6 z tr WgW Ba + J d 8 z<f> B e VB $ B 

+ J d 6 z {^ T B m^ B + \g^ +h.c, 
where the background field strength W Ba has been defined by 

W Ba = ~D 2 (e- VB D a e VB ) = -^[D a , (if, V Q }]. (2.18) 
The last expression is convenient for various calculations, and it shows that W Ba is 



(2.17) 
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in fact a gauge covariant object. The first order action Sti is given by 
Sti = f d 8 z trV Q V a W Ba 

+ J d 8 z {& B e VB V Q <$> B + & Q e VB ® B + $ B eVB ®Q) ( 2 - 19 ) 



+ J d 6 z(^m$ B + g$Q<l> B )+h. 



c. 



Since the first order action does not contribute to 1PI diagrams, Sti can be ne- 
glected in the following discussion. 

Let us study the action quadratic in the quantum fields, St2- We decompose 
it as S T 2 = S T f ge + ^ h 2 iral + S™ x + S T ^ ost . The part made purely from the gauge 
superfield S^ ge is given by 



Q gauge 
°T2 



T(R)J 
x trVg 

= / r/M;", 



±V a D 2 V a + WgV a + l -{V a W B a) - ^{V 2 D 2 + D 2 V 2 ) 



Vq 



Q 



ab 



(2.20) 

where we have shifted to the adjoint representation in the last line. The field 
strength in the adjoint representation is defined by 



W Ba = T a W a Ba = -l D 2 (e- VB D a e v °) = -\\D & ,{D & ,V a }], 



(2-21) 



and in this paper we define the conjugate of the background field strength as 



^^e^^/ 8 ^^,^,]},}] and W B a = -D\e v » D h e~ VB ) 



Then by noticing the identity 



V Z D + D V — 2V a D V Q = 16V m V m + 8W B ^D +4(^ B ), 



(2.22) 



;2.23) 



which holds in an arbitrary representation, we find in the super-Fermi-Feynman 
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gauge f = 1, 



Sf 2 ugc = J d 8 z V$ (-V m V m + \w%V a - ^. (2.24) 

The part of the quadratic action St2 quadratic in the quantum chiral superfield 
is given by 

Spiral = J d 8 z^ Q e VB ^ Q + J d 6 z i$gm$ Q + h.c. (2.25) 
We also have mixing terms between the gauge and the chiral superfields: 



S^ = J d 8 z (tf B e v °V Q Q Q + & Q e VB V Q $ B + ^ B e VB V^ B ^j 
+ J d 6 zg$B$Q + h.c., 

where we have included the Yukawa term in Sj^ for later convenience. 
To second order in quantum fluctuations, the ghost action becomes 

S T2 St = ^rTE>\ I d&z tr(c'*e VB ce- VB + c^e^c'e^ + tfe VB be- VB ) 
T(R) J 

= [ d 8 z \c'^ a (e VB ) ab c b + J a (e VB ) ab c' b + tf a (e VB ) ab b b 



(2.26) 



(2.27) 



The similarity of this expression to the action of the chiral superfield $q (2.25) 
is obvious. As a consequence, one-loop quantum effects of ghost fields are simply 
obtained by substituting T a — > T a and that of <3>q by multiplying —3 (with m = 
and g — 0). Recall that the ghost fields are Grassmann-odd chiral superfields. 

For one-loop level calculations, which we consider in later sections, it is suffi- 
cient to retain only quadratic actions, Sj^ ge , SyJ> iral , S^ st and S™^- Although 
we need St3, St4 and so on for higher loop calculations, further expansion is 
straightforward. 
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3. Supersymmetric gauge covariant regularization 



In formulating our regularization scheme, we need a formal propagator of quan- 
tum fields in the presence of the background gauge field Vb- In the first half of this 
section, therefore, we explain how to obtain these propagators. These propagators 
are defined by inverting the kinetic operators in Sj^ ge , S'^ iral and Sj^ st . In other 
words, we formally diagonalize these parts of the quadratic action. The remaining 
parts of the action, S™™, St3 and so on, are regarded as the perturbation. By 
organizing the perturbative expansion in this way, we can preserve the background 
gauge covariance in the regularized theory, as will be explained in the second half 
of this section. 

3.1. Propagators 

It is straightforward to find the propagator of the quantum gauge superfield Vq 
by formally diagonalizing the quadratic term S^ se (2.24). The Schwinger- Dyson 
equation corresponding to S^" 66 i s * 

2 (-V™V m + \w%V a - \W B *n?y b (T%{z)V%{z')) = t5 ac 5(z - z'). (3.1) 

In deriving this expression, we have used the reality constraint, T> a WBa = {V Q , Wsa} — 
DaV^'g [26]. By formally solving the relation (3.1), we have 

(T*V${z)V b Q {z>)) = l -(-^- z j — _ ) 5(z-z>). (3.2) 

Hereafter, the brackets (• • •) represent an expectation value in an unconventional 
interaction picture in which Sj^^i Sfif^ an d S^ 1 ^ are regarded as the "un- 
perturbative part." 

* The delta function in the full superspace is denoted as 6(z -z')=5{x- x')5(6 -6')5{6-6). 
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A derivation of the propagator of the quantum chiral superfield <£>q, on the 
other hand, is somewhat tricky due to the chirality constraint. We start with the 
Schwinger-Dyson equation derived from S^if^ (2.25): 

- (t*<S>$(z)& q (z')) + m (T** Q {z)tf Q V)) = 0, 

- -D\ v - (t*<S> q (z)& q (z')) + mt (t^{z)^ q {z')) = --DH{z - z'). 

We first multiply m* from the left of the first relation in (3.3). Then by noting the 
fact that m is a constant matrix which satisfies m)T aT = —T a m) for the gauge 
invariance of the mass term, we find 



V m V m - \w%V a - \(V a W Ba ) - rn^rn (t*<S> q (z)^ q (z')) (3.4) 

where the second relation of (3.3) has been used. In going from the first line to 
the second line in (3.4), we have used the identity 

D 2 V 2 + W 2 D 2 - 2D d V 2 D & = 16 V m V m - SWg V« - A(V a W Ba ) , (3.5) 

and the fact that $q is chiral (D^q = 0). Since D and V 2 have no inverse, it is 
generally dangerous to invert the first line of (3.4). (This is obvious by considering 
the massless case.) Therefore, we invert the second line of (3.4) instead to yield 

t tJ> 



T*<S> Q (z)& Q (z') 



—V 2 e- VB 5(z-z'). 



,_-> 1 _., ,-_ . ( 3 - 6 ) 

16 V m V m - WgVa/2 - (D a W Ba ) /4 - m)m 

2 

Here it is important to note that D and the inverse operator in (3.6) commute 
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with each other, as a result of the identity 



IdVd 2 = d 2 

16 



v m Vm-\w%v a -\{v a w Ba ) 



(3.7) 



which follows from (3.5). Our derivation of the chiral propagator (3.6), and espe- 
cially the step from the first line to the second line in (3.4), might appear ad hoc. 
However, our expression (3.6) satisfies the following three criterion: (1) It is indeed 
a solution of the Schwinger- Dyson equation, (3.3). (2) It is manifestly chiral in the 
z variable and anti-chiral in the z' variable. (3) It reduces to the Grisaru-Rocek- 
Siegel propagator [6] when Vb = 0. Note that the Schwinger- Dyson equation (3.3) 
itself does not ensure the chirality, and instead the chirality constraint must be 
supplemented by hand. In this sense, our expression (3.6) is the unique solution. 

We see below that it is convenient to abbreviate the denominator of (3.6) as 



1 



V™V m - WgV a /2 - (P°W Ba )/4 - mtm V 2 D 2 /16 - rn^rn 



(3i 



in the sense that 



D 2 



-^2 



V™V m - WgV a /2 - {V<*W Ba )/± 16 



V m V m - WgV a /2 - (TX*W Ba )/4 16 



(3.9) 



where we have used the identity (3.5). The general abbreviation rule turns to be 

V » Vm _ W - Vw Bo ) „ ( Tf' W dght if (3.10) 

2 4 (D V 2 /16 on the left of D . 

In what follows, this rule is always understood. For example, a formal manipulation 
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such as 

D 2 ^V 2 D 2 = -^-D\ 2 D 2 = D 2 , (3.11) 

is legitimate. This kind of manipulation is especially useful in a calculation of 
anomalies (see §5). However, note that 

D 2 —^V 2 ^ 1, (3.12) 
V 2 D 

because D and V 2 themselves have no inverse. With the abbreviation rule (3.10), 
the propagator of the chiral superfield (3.6) may be written as 

= T^-^r 1 -V 2 e- V *5{z - z'). (3.13) 

/ 16 V 2 D /i6- m t m 

This form of the propagator is found in the literature (see Ref. [30] for example). 
As we have explained, however, this expression must be used with care. In a similar 
way, we find the "Majorana-mass inserted part", 

T*<S> Q (z)$ T Q (z')) = ^--^-i — m i6(z - z'). (3.14) 



4 V 2 /r/16-mt 



m 



As was noted below (2.27), the propagator of ghost fields which follows from 
can be obtained by simply replacing T a — > T a in (3.13) (with m — 0): 



T*c a (z)c^ b (z')) = (T*c ,a (z)J b (z')) = (T*b a {z)b ] \z') i 

/ 1 \ab (3.15) 

= i (D 2 -^V 2 e- v A 5{z-z'). 
V V 2 D J 

This completes our derivation of propagators which are obtained by diagonalizing 

ogauge r-chiral ot1 j oghost 

kDrp^ i CHILL 
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3.2. Regularization scheme 



We are now ready to explain our regularization scheme. What we do is basi- 
cally an unconventional perturbative expansion in which the parts of the quadratic 
action, S%f ge , S^ ral and S^° st , are regarded as the "unperturbative part." The 
remaining parts of the total action, S^ 1 , <St3 an d so on, are regarded as the 
perturbation* Then the regularization is implemented by substituting for the 
propagators, which diagonalize the unperturbative part, with modified ones. 

For example, the propagator of the vector multiplet (3.2) is replaced by 



T*V$(z)V$(z') 



f ((-V m V m + W%V a /2 - W B& D*/2)/A 2 ) 



(3.16) 



1 



x 



-V-V m + W% V Q /2 - W B& D /2 



ab 



S(z-z'), 



where A is the cutoff mass parameter and f(t) is a regulating factor which decreases 
sufficiently rapidly:^ 



/(0) = 1, /(oo) = /'(oo) = /"(oo) = • • • = 0. 



(3.17) 



Clearly, the prescription (3.16) is equivalent to the proper-time cutoff in the proper- 
time representation [31] of the propagator: 



ab 



drg(A 2 r)ex P -r ( -V m V m + ^WgV a - \W B& D & J }> S(z-z f ), 

(3.18) 

where g(x) is the inverse Laplace transformation of f(t)/t. For example, g(x) = 
6{x — 1) for f{t) = e~ f . By modifying the propagator in this way, the ultraviolet 



★ When the background scalar supcrficld <t>s has a vacuum expectation value, it is neces- 
sary to diagonalize the quadratic action including S^™- This generalization should be 
straightforward. 

f We assume f(t) has a power series expansion in t. 
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behavior of Feynman integrals is tamed, and simultaneously the gauge covariance 
of the propagator under the background gauge transformation is preserved. In 
fact, it can easily be seen that the propagator, even with the modification (3.16), 
transforms covariantly under the background gauge transformation (2.6): 

db 



-iA(z) 



T*V%{z)V*{z') 



JA(z') 



(3.19) 



where A = T a A a is the gauge parameter in the adjoint representation. 
Similarly, the propagator of the chiral multiplet (3.13) is replaced by 

'n Q (z)& Q (z>)) 

-V 2 e- VB 5(z-z f ), 



i 

16 



/ (_ jD 2 V 2 /16A 2 ) J D 2 -^ 2 



(3.20) 



and (3.14) is replaced by 



V 2 D /16 - mtm 



-m*5{z -z'). (3.21) 



T** Q {z)& Q V)) - ^(-DV/16A 2 )^ 

' ^ v z D /16 — rrvm 

It is easy to see that the propagator (3.20) transforms as 

T** Q (z)*US))' = e~ iA ^ (t**q(z)*UJ)) e iA ^ z '\ (3.22) 



under the background gauge transformation (2.6). In (3.20) and (3.21), we did not 
include the mass term in the regulating factor f(t). Although it would be natural 
to also include the mass term in the regulating factor with the proper-time cutoff 
prescription, such as (3.18), it is not required from the viewpoint of the gauge 
covariance (3.22). Therefore we omit it from f(t) for simplicity. The propagators 
of the ghost fields (3.15) are similarly replaced by 



T*c a {z)cW{z'yj = (T*c' a (z)J b (z')) = (T*b a (z)tf b (z') 

-i ab 



1 



/(— .D V /16A )D — 

V 2 D 2 



5{z-z'). 



(3.23) 



Note that the substitutions in (3.20), (3.21) and (3.23) preserve the correct chirality. 
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Now we have to distinguish two cases in evaluating the effective action or fPI 
Green's functions: 



(I) Most 1PI Green's functions are obtained by simply connecting vertices 
in S T - (Sf, a 2 uge + ^ h 2 iral + ^2° st ) by the modified propagators of the quantum 
fields, (3.16), (3.20), (3.21) and (3.23). Recall that we have formally diagonalized 
ggauge^ gchiral an( j gg^> st j n constructing the propagators, and thus those parts of 
the action must be subtracted from the perturbation. Symbolically, we evaluate 
the 1PI part of an expansion of 

(exp [S T - (4 a 2 ugc + ^ h 2 iral + 4 h 2 ost )] }) , (3.24) 

where it is understood that the modified propagators are used. This defines the 
first part of the effective action, -Ti[Vb, $b]- 

(II) However, the above case does not exhaust all. The exception is 1PI di- 
agrams made only from vertices in S'| a , uge , S^f^ and Sj^ st m the language of 
the conventional perturbative expansion. Note that these are necessarily one-loop 
diagrams in which all the external lines are the background gauge superfield. This 
part of the effective action, which will be denoted as /ii[Vg], corresponds to the 
logarithm of the one-loop determinant arising from the Gaussian integration of 
ggauge^ gchiral anc j g^° st j n our perturbative expansion. However, as is well-known, 
the determinant factor cannot be expressed as a one-loop diagram made from the 
propagator* Therefore we are naturally led to consider a variation of the effective 
action instead which can be expressed by a one-loop diagram with a composite 
operator inserted: 



^£ll[VgJ _ , to/ \\ to/ \ _ 1 /ogaugc ochiral , r-ghosts 9 r\ 

5V a (z) = ^ ^ " ' ^ ' = 5V a (zy T2 T2 T2 



where we have introduced the gauge current superfield J a (z) as a variation of the 



* A naive ansatz such as (5'^ lral ), that is, closing the propagator by another S'^ lral to form 
a loop, does not give the correct combinatorics. 
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quadratic action. Of course, the modified propagators have to be used in (3.25). 
We again emphasize that (3.25) consists purely of one-loop diagrams in which all 
the external lines are the background gauge superfield. Therefore, the second part 
of the effective action /ii[Vg] defined by (3.25), if it exists (see below), is one-loop 
exact and depends only on the background vector superfield Vg. The total effective 
action is given by a sum: r[Vs, <&b] = Fi[Vb, ®b] + /ii[Yb]. 

In addition to the above prescription we have the following: (III) A Green's 
function with a certain composite operator O(z) inserted is computed by 



as usual. Again the modified propagators are used. 

First of all, it is obvious that with the above prescription, all the Green's func- 
tions are made finite by choosing a sufficiently rapidly decreasing function f(t). 
The high momentum part of the momentum integration in all the internal loops 
is suppressed as ~ f(k m k m ) n , where n is the number of internal lines in a loop. 
In what follows, furthermore, we show that our scheme preserves the supersym- 
metry, the background gauge invariance (for case (I)), and the background gauge 
covariance (for cases (II) and (III)). 

Super symmetry: Since our formulation is expressed entirely by the superfield 
in an exactly four dimensional spacetime, the supersymmetry is manifest at every 
step. For example, with the above prescription, one can prove the N — 1 non- 
renormalization theorem [6,26,28] in the form that the first part of the effective 
action /^[Vg, $5] is a d 4 integral of a product of superfields whose Grassmann 
coordinates are common, and 9. For cases (II) and (III), the expectation value 
of the gauge current (J a (x,0,0)), or of the composite operator (0(x, 0,0)), is a 
product of superfields whose Grassmann coordinates are common, and 0. These 

f Note that this is a partial gauge current defined with respect to S*!^" 80 , S'^ lral and S^ st , 
and not the full gauge current corresponding to the total action St- 




(3.26) 
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statements follow from the fact that the modified propagators (3.16), (3.20), (3.21) 
and (3.23) are expressed by the full superspace delta function 5(z — z') and the 

2 

fact that the modified propagator of the chiral multiplet (3.20) has the D factor 
on the z variable and the D 2 factor on the z' variable. The latter fact allows 
one to rewrite interaction vertices in the superpotential as an integral over the 
full superspace [6,26,28]. Then proof of the N = 1 non-renormalization theo- 
rem [6,26,28] can be repeated even with new unconventional interactions arising 
from the regulating factor. This theorem implies, in particular, that /i[Vb, $b] is 
super symmetric invariant, and the composite operators, (J a (z)) or (O(z)), are in 
fact superfield. Therefore, if -TiifVg] exists as a functional integration of (J a (z)) 
with respect to Vb(z) (see below), -TiifVg] is supersymmetric invariant too, and 
consequently the total effective action is supersymmetric invariant. 

Gauge covariance: To see how the background gauge invariance and covariance 
are preserved with the above prescription, suppose that we perform the background 
gauge transformation (2.6) on V# and in a perturbative expansion of (3.24), 
(3.25) and (3.26). Then, at each vertex to which the interaction term, say St3, 
is attached, the background gauge transformation (2.6) on Vg and $5 induces 
the gauge transformation on Vn and $q, because the interaction term is invariant 
under the background gauge transformation. Note that each term of the action, 
S^™, St3, St4 and so on, is individually invariant under the background gauge 
transformation. Then, those induced transformations on Vq and <3>q are canceled 
by the transformation at the ends of each propagator line which is induced by a 
covariant transformation law such as (3.19) and (3.22). This cancellation does not 
occur only at a vertex where a certain operator with a non-trivial gauge represen- 
tation is inserted, as (3.25). In this way, we see that (at each order of the loop 
expansion) -TifVg, $5] is invariant under the gauge transformation, and the gauge 
current (3.25) transforms gauge covariantly: 



A similar conclusion holds for (3.26): If O(z) has non-trivial gauge indices, it 




(3.27) 
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transforms as expected from the classical transformation law. In particular, a 
gauge singlet operator such as the superconformal current [18] is regularized gauge 
invariantly. The crucial ingredient in the above demonstration of the gauge co- 
variance is the covariance property of the modified propagators, (3.19) and (3.22); 
we have designed the regulating factors so that this property holds. 

For our scheme and the standard proper-time cutoff regularization (see, for 
example, the first two references in Ref. [32]), there is an important difference in 
the treatment of one-loop diagrams. In our scheme, the second part of the effective 
action -TiifVg] is defined through its variation (J a (z)) in (3.25), instead of by a 
direct definition, such as the proper-time cutoff in the proper-time representation of 
the one- loop determinant. This apparently small difference in treatment, however, 
has a significant consequence. The point is that one cannot in general define one- 
loop diagrams of a chiral fermion in a gauge invariant way, because of the existence 
of the gauge anomaly [11,32,33]. One thus has to break at some step the gauge 
symmetry. How to break this is crucial for the regularization properties. 

As we have seen in (3.27), the gauge current (J a (z)) in our scheme transforms 
covariantly under the background gauge transformation. This can be interpreted 
as implying that, in a one-loop diagram, the gauge symmetry at all the vertices, 
except that of J a (z), is preserved. Put a different way, a possible breaking of the 
gauge symmetry due to the anomaly is forced on the J a (,2)-vertex. In this way, the 
gauge symmetry is "maximally" preserved in this treatment. On the other hand, in 
a "Bose symmetric" treatment [32] such as the proper-time cutoff of the one-loop 
determinant or the conventional Pauli-Villars, a breaking of the gauge symmetry is 
partitioned equally on every vertex. The problem with the latter treatment is that 
it often breaks the gauge symmetry "too much."* For example, the conventional 
Pauli-Villars does not give the gauge invariant vacuum polarization tensor even 
for anomaly free representations (tr T a {T b ,T c } = 0) for which a gauge invariant 

* The important exception is the generalized Pauli-Villars regularization, which is closely 
related to our treatment of one-loop diagrams. (See the last reference in Ref. [12] and 
Okuyama and Suzuki in Ref. [10].) 
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regularization would be possible. 

Our prescription (3.25), on the other hand, respects the gauge symmetry as 
much as possible to an extent which does not contradict with the gauge anomaly. 
Moreover, when the gauge representation is free of the gauge anomaly, it is pos- 
sible to impose the gauge invariance also on the J a (z)-vertex and, eventually, the 
full gauge invariance is restored. In fact, it is possible to show that the gauge 
current (J a (z)) has the covariant gauge anomaly: 

--D 2 {c VbI2 . [coth(£ Vfl/2 ) - 1] -T b Y (j\z)) A =°°- JL trT a W§W Ba . 

(3.28) 

This is in accord with the gauge covariance property (3.27). We note that this is 
the exact expression of the gauge anomaly in our scheme,^ because only one-loop 
diagrams contribute to (J a (z)} in (3.25), and higher-loop diagrams are regularized 
gauge invariantly. The left-hand side of (3.28) is a supersymmetric generalization 
of the gauge covariant divergence of the gauge current. This might be interpreted 
as a gauge non-invariance of the effective action, — i5ru[Vg}/5A a (z), in view of the 
identification (3.25). Equation (3.28) shows that the gauge symmetry at the J a (z)- 
vertex is restored when tr T a {T b ,T c } = 0. Therefore, the full gauge invariance is 
automatically restored for anomaly-free cases. This is one of advantages of our 
scheme. Note that the gauge multiplet and the ghost multiplet do not contribute 
to (3.28) because tr T a {T b ,T c } = 0. 

Our prescription (3.25), in place of the manifest gauge covariance, however, 
sacrifices the manifest Bose symmetry among gauge vertices in a one-loop dia- 
gram. As a consequence, the second part of the effective action /ii[Vb] whose 
variation reproduces the gauge current (J a (z)) may not exist. It is easy to see that 
the gauge anomaly must vanish for such a functional ili[Vg] to exist: When the ef- 
fective action exists, the gauge anomaly must satisfy the Wess-Zumino consistency 
condition [14], and thus the gauge anomaly has the consistent form [32,33]. Our 

f By introducing an external gauge field which couples to the global axial current, it might 
be possible to give a simple proof of the Adler-Bardeen theorem in a similar way. 
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anomaly (3.28), on the other hand, has a covariant form. The only possible way 
out is a zero covariant anomaly which trivially satisfies the consistency condition. 

The reverse is non-trivial: When the gauge anomaly vanishes, is the Bose sym- 
metry restored, and is it possible to "integrate" the gauge current (J a (z)} to obtain 
the effective action in [Kb] ? We expect the answer is yes, as is suggested from a 
restoration of the gauge symmetry at all the vertices in anomaly-free cases. In fact, 
our prescription (3.25) is a natural supersymmetric generalization of the gauge co- 
variant regularization of non-supersymmetric chiral gauge theories [12,13]. In the 
non-supersymmetric theory, when the gauge anomaly vanishes, it is possible to 
write down a formal expression of the gauge invariant effective action whose vari- 
ation reproduces the covariant gauge current (in the limit A — > oo) [13]. Although 
we postpone to a separate publication [34] a detailed analysis of the "integrability" 
of (3.25) (with a detailed account of (3.28)), we may expect that the integrabil- 
ity must be restored, because the supersymmetry should be irrelevant with regard 
to this point, and otherwise it would eventually be impossible to define a gauge 
invariant effective action even for anomaly-free cases. 

If the integrability is restored in anomaly-free cases, then the effective ac- 
tion -TufVy is supersymmetric and gauge invariant, because (J a (z)) is a gauge 
covariant superfield (3.27). In particular, a part of the effective action 
corresponding to one-loop diagrams of the gauge multiplet and the ghost multi- 
plet should always exist, because the adjoint representation is anomaly-free. The 
non- integrability can emerge only in one-loop diagrams of the chiral multiplet 

In summary, we have observed the following properties of our regularization 
scheme. The first part of the effective action -Ti[Vb,3»b] (3.24), which contains 
all the 1PI multi-loop diagrams, is always supersymmetric and gauge invariant. 
A classically gauge covariant superfield composite operator, such as the gauge 

| In the example of a two-point function of Vb in the next section, the non-integrability 
associated with the gauge anomaly does not appear, because, as is clear from (3.28), the 
gauge anomaly is 0(Vg) in (J a (z)}, which corresponds to a triangle or a higher-point 
diagram of Vb- 



21 



current (J a (z)) in (3.25), remains a gauge covariant superfield. The breaking of 
the Bose symmetry and the non-integrability of (3.25) associated with the gauge 
anomaly will be restored for anomaly-free gauge representations (analysis of this 
point will be reported elsewhere [34]). When the Bose symmetry is restored, we 
have a supersymmetric invariant, gauge invariant effective action -TiifVg]. This 
complication associated with the gauge anomaly, however, occurs only in one- 
loop diagrams of $q in which all the external lines are the background gauge 
superfield Vb- 



In this section we present a somewhat detailed calculation of one-loop 1PI 
two-point functions to illustrate how our regularization scheme works. We believe 
this demonstration is useful because our scheme, through the regulating factor, 
produces new interaction vertices which do not appear in the conventional super- 
Feynman rule. These new vertices ensure the gauge covariance. Since our main 
concern in this section is the supersymmetry and the gauge symmetry, we neglect 
the effect of the superpotential by setting m = g = 0. 

To carry out actual calculations, we have to choose a form of the regulating 
factor, which should satisfy (3.17) and must be 0{l/t a ) with a > 1 for t — > oo 
to regulate tadpole diagrams (see below). In this section, we choose as a simple 
choice ^ 



Our first example is the self-energy part of the chiral multiplet. Since the 
external lines of this function are the background chiral superfield this case 

§ If one can neglect the contribution of tadpoles for some reason, even use of f(t) = 1/ (t + 1) 
may be made. This considerably simplifies the calculation. 



4. Illustrative calculations 
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matches category (I) in the previous section, (3.24). At the one-loop level, the 
self-energy part is given in configuration space by 



5 2 S*f 



8& B (z)8<S> B (z') 



x cmix x cmix 
+ % ( T* T2 T2 



' rpdrpb 



D 



Vb=0 

D 2 



5$ B (z) S$b(z') 



V%(z')V h Q (z>] 



D 2 



V (T*<S> Q (z)^ Q (z'\ 



V B =Q 

V b =0 

•b 



V B =0 



T b (T*V$(z)V$V) 



V B =0 

(4.2) 

In diagrammatical language, the first term on the right-hand side is a tadpole. Ac- 
cording to the substitution (3.16), we see that the tadpole contribution identically 
vanishes: 



V$(z')V h Q (z'] 



= - V 

2 

= 0, 



A 4 



(4.3) 



d 4 k 



i(2n) 4 (k 2 + A 2 ) 2 k 2 



5(e' - e')5{e' - e') 



where we have used 5(x — y) = J cftk e lk ^ x ~ y ^ /(27t) 4l . As is well-known, this cancel- 
lation is a consequence of the supersymmetry. However, note that the quadratic 
divergence is regularized in (4.3), and a subtlety such as oo x does not arise. 

On the other hand, the second term on the right-hand side of (4.2) leads to 
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iC(R) ( 



x 
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T6 
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D 
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f(-n/A 2 )—6(x-x') 



(4.4) 
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where we have used 



5(9 - 9')5(9 - 0)^-5(9 - 9')5(9 - 1) = 5(9 - 9')5(9 - f). (4.5) 
16 



Finally, by going to momentum space, we have (recall (4.1)) 



\C{R) (-?p) (-^\ 5(9 - 9>)5(9 - 9) 



( _^P_ i P (x-x') [ d4k a4 A 4 1 1 
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1 „,„J D 2 \ ( D' 2 ^ 



32tt 2 



C(R) (-^) f-^j 5(9 - 9')5(9 - 9) 



d 4 P M x- X >) A n ^!_ 5 



x / _ e *P^-a: J In 



In terms of the one- loop effective action, (4.6) implies 



r} 1) [V B = 0,^ B ] = -^C(R) J d 4 9 J d 4 xd 4 x'^ B (x,9,9)^ B (x',9,9) 



d 4 P Mx - X >) A A"__ 5 



(4.6) 



(4.7) 



Apart from the non-universal constant —5/6, which depends on the precise form of 
the regulating factor f(t), (4.7) coincides with the well-known one-loop result [28]. 
In fact, since we know that the first part of the effective action /i[Vg, $5] is always 
gauge invariant, we can covariantize the local part of the effective action (which 
is proportional to In A 2 ) as f d 8 z § B e VB $B, in accord with the background gauge 
invariance. 

Next, let us consider the vacuum polarization tensor, a one-loop 1PI two- 
point function of Vjg ($5 = 0). This is a typical example belonging to cate- 
gory (II), (3.25). We first study the contribution of the chiral multiplet. From 
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(2.25) and (3.20), the regularized gauge current is given by 



(^chiralW) = 



5V§(z) 



= Mmtr (T*$ Q (z)& Q (w)) |t + \[T a V B {w) + V B {w)T a \ + O(Vj)} 



i lim tr/(-D 2 V 2 /16A 2 )D 2 — ^V 2 e _VB 



(4i 



x 



V 2 D Z 

T a + I( T «yg + ygT a ) + O(Vg) 



5(z — w). 



Since we need another Vg-line to form the vacuum polarization tensor, it is suffi- 
cient to expand (4.8) in powers of V B to 0(V B ). In doing so, we must first recall 
that the abbreviation rule (3.10) is assumed in (4.8). Then, the expansion becomes 
easy by noting the relation (3.9). As a result, we have 
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16 □ 16D 
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16 □ 



O(Vg) 



(4.9) 



and, for the present choice (4.1), 
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(4.10) 



D 2 . 



Substituting (4.9) and (4.10) into (4.8), we have 



(^hiralW)=^limtrT cl 



A 4 1 D 2 D 2 



(-□+A 2 ) 2 D 16 



+ i lim trT a 



A 4 
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(4.11) 
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where the combination C has been defined by 



C = 



d 2 dK. i 



V B - - V B . 



16 □ 



(4.12) 



Then after some standard spinor algebra, we have in configuration space, 
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(4.13) 



where the new combination C' has been defined by 
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16 



-(D 2 D 2 V B )- l -(D<f"'D\ B Y) n 



1 



(4.14) 



The first line of (4.11) and (4.13) is O(Vg), and thus is a tadpole diagram. 
By going to momentum space, we find a quadratically divergent Fayet-Iliopoulos 
D-term [35]: 



(^hiralW)ll/ s .0 = trT a A 4 | - 



(2tt) 4 (k 2 + A 2 ) 2 k 2 16vr 2 



trT a A 2 . (4.15) 



Unlike dimensional reduction, in which quadratic divergences always vanish, our 
regularization produces this term. However, note that this term vanishes in con- 
ventional models such as the supersymmetric QED, in which trT a = 0, so that the 
gauge-gravitational mixed anomaly disappears. 



The vacuum polarization tensor is given by the 0(Vb) term in (4.13). In 
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momentum space, we have 




[(k + p) 2 + A 2 } 2 (k + p) 2 

11 11 



(4.16) 



[(k + p) 2 + A 2 } 2 k 2 + A 2 (k + p) 2 + A 2 (k 2 + A 2 ) 2 



In this expression, the vector derivative d m in D a and is understood as ip m . 
Note that if the A — > oo limit is taken in the integrand, only the first term in 
the curly bracket survives; this term is what one would have in the conventional 
superdiagram calculation. The remaining terms in (4.16) (the last line) are specific 
to our scheme, and these terms ensure the gauge invariance of this two-point func- 
tion. The momentum integration of (4.16) is straightforward in the limit A — > oo, 
and finally we find 



This is the contribution of the chiral multiplet to the vacuum polarization tensor. 

Next let us consider the contribution of the gauge multiplet and the ghost 
multiplet. As is well-known [6], however, the gauge multiplet cannot contribute 
to this function at the one-loop level, because the number of spinor derivatives is 
not sufficient, as seen from the form of the propagator (3.2) (it requires at least 
four Vb)- This is one of advantages of the superfield background field method. 
This is also the case even with our modification (3.16). Therefore we do not have 
to evaluate the VQ-loop. No further calculation is needed also for the ghost's loop, 
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because the contribution of the ghosts is precisely obtained by T a — > T a and by 
multiplying the contribution of the chiral multiplet (4.17) by —3, as was noted 
below (2.27). Therefore, from (4.17), we have the expression 



r u [Vi 



B 



16n 2 ' 



A / <Fz tr V B 
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(4.18) 

completely in terms of the effective action. As discussed in the previous section, the 
non-integrability of the gauge current (J a (z)) associated with the gauge anomaly 
does not emerge at this order of the expansion in V B ; actually the effective action 
has been obtained to O(Vg) in (4.18). Once the effective action is obtained, we 
know that it is gauge invariant, and thus we may covariantize the local term pro- 
portional to In A 2 as / d 6 z trWgW Ba . Of course, when the matter content has the 
gauge anomaly (tr T a {T b ,T c } ^ 0) there may exist a finite 0(V"J) piece in (J a (z)) 
which cannot be expressed as a variation of the effective action. Equation (4.18) 
again coincides with the supersymmetric gauge invariant one- loop result [28] , apart 
from the non-universal constant +1. The coefficient of In A 2 gives, as is well-known, 
the one-loop /3-function of the gauge coupling constant. 

In summary, we have observed that our general discussion on the supersymme- 
try and the gauge covariance in the previous section actually holds in simple but 
explicit examples. We hope that the above examples also convinced the reader that 
our scheme is not too complicated and that it actually has practical applicability. 
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5. Super-chiral and superconformal anomalies 



Since our scheme gives a supersymmetric gauge covariant definition of com- 
posite operators, it also provides a simple and reliable way to compute quantum 
anomalies. In this section, we present several examples in the one-loop approxima- 
tion. Throughout this section, we assume that the background chiral superfield <3>s 
and the Yukawa coupling g vanish, for simplicity of analysis. 

The first example is the super-chiral anomaly [15-17], which is defined as a 
breaking of the naive Ward-Takahashi identity: 



~D 2 (&e v $(z)^ + (<5> T m<5>{z)^ = 0. (5.1) 



This identity is associated with the chiral symmetry of the massless action, — > 
e ta §(z), and its explicit breaking by the mass term. Let us evaluate this anomaly 
on the basis of our regularization scheme. We first take in (5.1) the quadratic 
terms in the quantum fields (i.e., the one-loop approximation). Then, as explained 
in (3.26), the regularized super-chiral current is defined by 



$le VB <f> Q (z)) = -L lim tr /(-£>V/ 16 A 2 ) D 2 ^^ V 2 5(z-z'), 

v I 16 z'^z V 2 D /16-mtm 

(5.2) 

and similarly, from (3.21), 



$£m$o(z)\ ee - lim tr/(-D 2 V 2 /16A 2 )D 2 — m)m5{z - z'). 

I Az'^z V 2 D /16-mtm 

(5.3) 

2 

We then directly apply — D /4 on the composite operator in (5.2). In so doing, it is 
important to note that the derivative acts not only on the z variable but also on the 
z' variable, because the equal-point limit is taken prior to the differentiation. Then, 
by noting the chirality of (5.2) with respect to the z variable and the relation (3.11), 
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we find 



- \D 2 ^ Q e v °® Q {z)) + (*%m* Q (z) 
= -- lim tr f(-D 2 V 2 /lQA 2 )D 2 5(z - z') (5.4) 

4 z'^z 

A =^-^- 2 trWgW Ba (z), 



which reproduces the well-known form of the super-chiral anomaly [15-17]. The 
details of the calculation of (5.4) [15] are reviewed in the Appendix. We note that 
the expression (5.4) holds even in chiral gauge theories, and in this sense (5.4) may 
be viewed as a supersymmetric version of the fermion number anomaly [36]. One 
might notice that our calculation of the super-chiral anomaly (5.4) has resulted in 
the Fujikawa method of anomaly evaluation [12,15]. In fact, the covariant regular- 
ization [12] was originally abstracted from the Fujikawa method. 

Since we have defined the regularized composite operator in (5.2) and (5.3), an 
anomalous supersymmetric commutation relation associated with the super-chiral 
anomaly, the Konishi anomaly [23], can be derived straightforwardly. First we note 
in the Wess-Zumino gauge [26], 



&e v <S> = A*A+y/26il)A+---, (5.5) 



and thus classically, 



V2ib*A = D* (&e v <$>) _ . (5.6) 

9=9=0 



Therefore we may define the supersymmetric transformation of the composite op- 
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erator ip A as 



1 I ^ -a . , N ,\ 1^ -^n / t v 



1 



<9=(9=0 



?=(9=0 



(5.7) 



This is the Konishi anomaly [23] (recall that we set = 0). Our derivation (5.7) 
which might appear almost identical to that in Ref. [15], however, has a concep- 
tual advantage: The point is that we have first defined the regularized compos- 
ite operator. In this respect, our approach is similar to the original derivation 
by Konishi [23], in which the composite operator is defined by the gauge invari- 
ant point splitting. However, we regularized the composite operator in terms of 
the superfield. Therefore the supersymmetric transformation of the regularized 
composite operator can be performed by one stroke of the differential operator, 
Q a = -d/d6 + i6 a a™ 6t d m [26]. Recall that we have shown in the previous section 
that a regularized composite operator (3.26) is in fact a superfield. In this way, 
the relation of the Konishi anomaly (5.7) to the super-chiral anomaly (5.4) can be 
made transparent. 

As our next example of the one-loop anomaly, let us consider the superconfor- 
mal anomaly [18-22] emerging from the chiral matter loop. It is a breaking of the 
Ward-Takahashi relation: 

D & (R aa (z)) - 2 (^ T me' v D a e v ^{z)^ + ^D a ($ r m$(^)) = 0. (5.8) 

The superconformal current R aa is defined by R a6l = i% h J ral + Rf* ee , where [18,22] 

3 (5.9) 
= -D & (tf Q e VB )V a * Q - -[D a , D & ](tf Q e VB $ Q ) + ■■■, 



* The normalization of the bracket {, } must be regarded as that of the (classical) Poisson 
bracket. For the (anti-) commutator, one has to multiply the right-hand side of (5.7), (5.23) 
and (5.26) by i. 
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and [18,20] 



« Uge = -^ytr^e^W^. (5.10) 



In what follows, we consider only quantum effects of the $Q-loop and regard the 
gauge superfield V as a classical field. In other words, we shall use the (classical) 
equation of motion of the gauge superfield V. 

From (5.9), the regularized superconformal current of the chiral multiplet is 
defined to the one-loop level by 



= -± hm trV Q /(-D z V 2 /16A 2 )^ _ 2 ± V 2 DJ{z - z') 

lbz'^z V 2 D /l6- m t m 

- \l-[D a ,D & \ hm tr/(-D 2 V 2 /16A 2 )^ 2 _ 2 1 V 2 5{z-z'). 

Sib z'^z V 2 D /i6- m t m 

(5.11) 



To deal with this expression, we note the identity 



D a lim tr A(z)S(z - z') = lim tr[V Q , A(z)}5(z - z'), (5.12) 

z'^z z'^z 



where A(z) is an arbitrary operator. Then by repeatedly using this identity and 
noting the chirality, we find 



1 * ,. 
= hm tr 

3 16 z'^z 



-V a f(-D 2 V 2 /l6A 2 )D 2 _ 2 1 V 2 D & 

V 2 D /16-mtm 



+ /(- J D 2 V 2 /16A 2 ) J D 2 ^ V 2 D & V a 

V 2 D /16-mtm 

+ ^V Q /(-D 2 V 2 /16A 2 )^ 2 _ 2 1 V 

V 2 D /16-mtm 



8{z-z'). 

(5.13) 
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— a 

By applying D further, we have 



1 * 

hm tr 

3 16 z'^z 



V a f(-D 2 V 2 /16A 2 )D 2 — 2 



-V Z D 



f{-D\ 2 1 16 A 2 ) D 



V 2 D /16 — m)m 
i 1 



V 2 D /16-mt 
D 2 V Q /(-D 2 V 2 /16A 2 )^ 2 __ 2 1 



V 2 DaV a D a 



rn 



V 2 D /16-mt 



rn 



Then we use identities 



to yield 



V 2 D d V a D d = -^V Vv a - 2VV Ba , 
D 2 V Q D 2 = -41^ Bq D 2 



^ST to) - 2 ^mV„$ g (z)) + -D a (& Q m* Q (z) 
= % - lim tr V Q /(-^ 2 V 2 /16A 2 )D 2 (5(z - z') 

2 z'^z 

- l -D a lim tr/(-D 2 V 2 /16A 2 )D 2 5(^ - z') 

+ 2-^ lim tr W Ba f(-D\ 2 /16A 2 )D 2 - _, 
lb z'^z " ' ■ • - 



(5.14) 
(5.15) 



(5.16) 



-V 2 5(z-z'), 



V 2 D /16 - mtm 

where we have used (5.12) again. In this expression, the first two lines on the 
right-hand side are regarded as the anomaly, and the last line can be interpreted 
as a composite operator. From (A. 6) and (A. 9) in the Appendix, we finally obtain 



D a (R%?%)) ~ 2 (%mW a ^ Q (z)) + ~-D a (%m^ Q (z) 



A^oo 1 



A 2 J dtf{t)+ l -U 



tr W Ba (z) + ——^D a tTW^W Bp (z) (5.17) 

+ 2 tr W Ba (z) ( $ Q (z) & Q (z) ) e VB & . 
The presence of the last term is expected, because the classical equation of motion 



33 



of the gauge multiplet V leads to 

^gauge = _ 2t rW a ^e v . (5.18) 

The right-hand side of this classical expression, when defined to one-loop accuracy, 
cancels the last term of (5.17). Therefore, the superconformal anomaly becomes 

D a (R aa (z)) - 2 (§ T Q mV a § Q {z)) + ^D a (§ T Q m<$> Q {; 



8tt 2 



A 2 J dtf{t)+ l -U 



1 - (5 ' 19) 



when only the one-loop quantum effect of the chiral multiplet is considered. 

We note that although the first term of the superconformal anomaly (5.19) is 
perhaps not familiar, it is perfectly consistent with the anomaly multiplet structure 
of the superconformal anomaly [18]; in particular it belongs to the linear anomaly 
multiplet [19,37]. It is interesting to note that this term exists only when the 
gauge-gravitational mixed anomaly exists, i.e., when trT a ^ 0. 

Now, as we have done for the Konishi anomaly in (5.7), we may derive from the 
superconformal anomaly (5.19) the anomalous "central extension" of the N = 1 su- 
persymmetry algebra which has recently been advocated by Shifman and co- 
workers [25]. An analysis of this problem from the viewpoint of path integrals 
and the Bjorken- Johnson-Low prescription is given in Ref. [38]. We first note the 
definition of the supercharge: 

Qa = J d 3 xll 72 = ~a m ^J. $f3 . (5.20) 

The improved supercurrent Jp aa is related to the superconformal current R aa 
as [18] 

Raa = - 100 (j^aa ~ + ' ' ' > ( 5 - 21 ) 

where the first component R^ is the i?-current. From these relations, we have 
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classically 



7° - _ 1^0/3/3 /-p.p 



2£ a/3 D R Fl) 



9=6=0 



(5.22) 



Therefore we may define the supersymmetric transformation of the supercurrent 
operator as 



{Q a ,l$(x)} 



D $ {R^(z))-2e $ .D (R^(z) 



8=8=0 



o°^(e.gD^ + 2e> D a ) D S (r 



V 1 



(5.23) 



8=8=0 



S %d m tT\%\ Ba (x), 



48tt 2 «/3 



where we have used the superconformal anomaly (5.19).* The "central extension" 
of the N = 1 supersymmetry algebra [25] is obtained by integrating (5.23) over 
the spatial coordinate x. (Recall that we have taken into account only the chiral 
matter loop in (5.19).) In deriving the second line from the first line in (5.23), we 
have used the identity (see the last reference of [25]) 



D a D,X, 



= -e.fi Da,D X k 

1=8=0 a ? 7 ^ 



(5.24) 



8=8=0 



which may be confirmed component by component. From the above derivation, 
it is clear that use of the improved supercurrent (5.21) and the presence of the 
superconformal anomaly (5.19) are crucial to have the anomalous term. Although 
our derivation in (5.23) is apparently almost identical to that in Ref. [25], it is 
conceptually quite transparent, as we have explained for the Konishi anomaly (5.7). 

In a similar way, we may study another anomalous supersymmetric trans- 
formation law, the commutator between the supercharge and the i?-current (or 



★ We have set m — for simplicity. 
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charge) [24]. The i?-current is defined from the superconformal current (5.21) by 

1 

2 
1 



R (0)r 



■i n aa J^P) 



(5.25) 



= — a 
2 



aa \ 8=9=0 



Then the supersymmetric transformation of the i?-current is related to the super- 
conformal anomaly as 



1=9=0 



= -i(Ja( x ) 



aB 



D 1 {R fh {z)) 



6=6=0 



= -i(j°M) + 



8tt 2 



a / dtf(t) + -n 



aa 



48tt 2 



tr \%{x) 



l*LDB(x)+<aVt rn(x) 



(5.26) 



where we have used the relation (5.22) and the superconformal anomaly (5.19). 



t 



In the last line, v+ n is the self-dual part of the field strength: 



v+ =- 



(5.27) 



In Ref. [24], an anomalous term in the commutator (5.26) is analyzed in the super- 
symmetric pure Yang-Mills theory with use of the gauge invariant point splitting 
regularization. Although the structure of our result (5.26) is not quite the same 
as that of Ref. [24] (the anomalous term is given by the dual of the field strength 
instead of the self-dual part), the discrepancy seems to originate from the definition 
of the regularized i?-current (see also Ref. [38]). 

Similar calculations are possible also for the superconformal anomaly emerging 
from the gauge multiplet loop [16,39,40]. We will report on this part of analysis 
elsewhere [34]. 



f We have again set m = for simplicity. 
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6. Conclusion 



In this paper, we have formulated a manifestly supersymmetric gauge covari- 
ant regularization of supersymmetric chiral gauge theories. As we have shown, 
this scheme has many desired features which are, we believe, not shared by other 
single regularization schemes proposed to this time? Certainly, we must admit 
that we did not mention the unitarity of the S-matrix which, with the BRST (or 
quantum gauge) symmetry, is not manifest in our regularization scheme. This 
point is concerned with the issue of how the effective action in the background 
field method and the S'-matrix are related [2,3] at the regularized level. We are at 
present unable to make a general statement on this point. However, it is obvious 
that the background gauge invariance of the effective action (or 1PI diagrams) is 
certainly a necessary condition for the unitarity of the S'-matrix, because other- 
wise the longitudinal mode does not decouple from the S-matrix. We emphasize 
that our scheme, to our knowledge, is the first attempt which fulfills this necessary 
condition for supersymmetric chiral gauge theories. 

We have presented several illustrative applications, but only in the one-loop 
approximation. The situation for multi-loop diagrams in our scheme, on the other 
hand, is rather simple, because the supersymmetry and the gauge invariance of the 
effective action are always ensured. Although this property is similar to that of the 
supersymmetric higher covariant derivative regularization [8], our calculation rule 
is reasonably simple compared to the higher derivative regularization. Therefore 
it is of great interest to see how actual higher loop calculations proceed in our 
scheme. We hope to come back this problem in the near future. 

We thank Dr. H. Igarashi for numerous discussions and for his collaboration 
in the early stages of this work. H. S. is grateful to Professor K. Fujikawa and 
Kazumi Okuyama for helpful correspondence on a related topic. The work of H. S. 

| Strictly speaking, the integrability of (3.25) in anomaly-free cases remains to be proven 
to definitely conclude the existence of the effective action in such cases (although we are 
almost sure of this point from experience in non-supersymmetric theories [13]). This analysis 
regarding the integrability will be reported elsewhere [34] . 
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APPENDIX 

In this appendix, we explain the evaluation of the anomalous factors, 

limtri * X f(-D 2 V 2 /16A 2 )D 2 5{z- z'). (A.l) 

Our calculation is basically a generalization of that in Ref. [15]. However, the 
actual calculation is somewhat quicker, thanks to our manifestly gauge covariant 
treatment. First, let us recall that the abbreviation rule (3.10) is assumed in (A.l). 
Next, we note the momentum representation of the delta function and 

e -ijte^ . e ik X = p & + e * a ™. km: 

e~ ikx V m e ikx = V m + ik m , (A.2) 



-ikx^j ikx _ v _ m oru 

and thus (A.l) can be expressed as 
d A k 



tr A 



(A.3) 



(2tt)4 \V a -<r%fi Ak 7 
x /( k n k n - 2ik n V n /A - W B a n 9k n / '(2A) 

- V n V n /A 2 + W B \v p /{2A 2 ) + (Vf 3 W Bp )/(AA 2 ) 
x (Di + e^a^Ak k )(D t + 6 s rfAki) 5(6 - 0')6(0 - d') 



where we have rescaled the momentum variable as k m — > Ak m . Then we ex- 
pand /(• • ■) in inverse powers of A. At this step, it should be noted that at least 
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two spinor derivatives have to act on the delta function to survive: 

D 2 5(9-9') = -4, v a V p 5{e-e')\ 9=e , = -2E ap . (A.4) 
But also note that three are too many: 

V a V /3 V 7 = 0. (A.5) 
Then it is easy to see that the first case of (A. 3) gives [15] 

lim tr/(-D 2 V 2 /16A 2 )D 2 5(z - z') 



A^OO 



J J^)~J"^ mk ^ ilW B W Ba (A.6) 

trWgW Ba , 



16tt 2 

where we have used the value of the momentum integration 



/ 



<sH r{kmkm) rM 1 } - (AJ) 

f"(k m k m )k n k k ) { -r] nk /2 



which is useful also for the second case in (A. 3). 

On the other hand, the necessary expansion is somewhat lengthy in the second 
case of (A. 3), and we do not reproduce it here. It might be useful, however, to 
note the following: The straightforward expansion of (A. 3) contains terms explicitly 

—2 — 

proportional to 9 and 6^ which, at first glance, do not seem to vanish. If these 
terms survive, the right-hand side of (A. 3) cannot be a superfield, because the 
lowest component (9 = 9 = term) of these terms vanishes (and thus the higher 
components must vanish if it is a superfield [26]). In fact, it can be confirmed that 

—2 — 

the terms explicitly proportional to 9 and 9a vanish by noting relations such as 
tTW Ba W%W B (3 = 0, V m W B aW B p - V m W Bp W Ba = e a pV m WlW Bl , (A.8) 
where the first relation follows from the cyclic property of the trace. 
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Finally, after some rearrangements, we obtain 
lim tr V a f(-D 2 V 2 /lQA 2 )D 2 5(z - z) 

z'^z 
A^oo i 



4tt 2 



A 2 J dtf(t)+ l -U 





B (A ' 9) 

trW Ba -^D a tTW^W B p. 
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Note added 

By using the technique presented in the Appendix, it is easy to obtain the 
divergent part of the gauge current (3.25) for an arbitrary f(t): 

l 

\ J dt f(t) J d 8 z tr V B + T{R \^ 2{G) J d 6 z tr W§W Ba . 


This shows that the divergent part is always (i.e., whether or not the gauge anomaly 
is present) integrable, and the one-loop /3-function is actually independent of f(t). 



A^oo 



SV a (z) 
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